We apply the entropy formalism to the study of the near-horizon geometry of extremal black p-brane intersections in D > 5 dimensional supergravities.
Introduction
In D > 5 dimensions, supergravity theories involve a rich variety of tensors fields of various rank (see e.g. [1, 2] ). A single black hole solution is in general charged under different forms and can be thought of as the intersection on a timelike direction of extended branes of various types. More generally, branes intersecting on a (p + 1)-dimensional surface lead to a black p-brane intersecting configuration [3] . In complete analogy with what happens in the case of D = 4, 5 black holes, one can think of the D > 5 solutions as a scalar attractor flow from infinity to a horizon where a subset of the scalars becomes fixed to particular values depending exclusively on the black p-brane charges. The study of such flows requires a generalization of the attractor mechanism [4, 5, 6, 7, 8] in order to account for p-brane solutions carrying non-trivial charges under forms of various rank. In this paper we address the study of these general attractor flows.
We focus on static, asymptotically flat, spherically symmetric, extremal black p-brane solutions in supergravities at the two derivative level [9] . The analysis combines standard attractor techniques based on the extremization of the black hole central charge [4, 5, 6, 7, 8] and the so-called "entropy function formalism" introduced in [10] (see [11, 12] for reviews and complete lists of references). Like for black holes carrying vector-like charges, we define the entropy function for black p-branes as the Legendre transform with respect to the brane charges of the supergravity action evaluated at the near-horizon geometry (see [13] for previous investigations of black rings and non-extremal branes using the entropy formalism). The resulting entropy function can be written as a sum of a gravitational term and an effective potential V eff given as a superposition of the kinetic energies of the forms under which the brane is charged. Extremization of this effective potential gives rise to the attractor equations which determine the values of the scalars at the horizon as functions of the brane charges. In particular, the entropy function itself can be expressed in terms of the U-duality invariants built from these charges and it is proportional to the central charge of the dual CFT living on the AdS boundary. The attractor flow can then be thought of as a c-flow towards the minimum of the supergravity c-function [14, 15] . Interestingly, the central charges for extremal black p-branes satisfy an area law formula generalizing the famous Bekenstein-Hawking result for black holes.
We will illustrate our results in the case of extremal black holes and black strings in D = 6, 7, 8 supergravities. In each case we derive the entropy function F and the nearhorizon geometry via extremization of F . At the extremum, the entropy function results into a U-duality invariant combination of the brane charges reproducing the black hole entropy and the black string central charge, respectively. Scalars fall into two classes: "fixed scalars" with strictly positive masses and "flat scalars" not fixed by the attractor equations, which span the moduli space of the solution. The moduli spaces will be given by symmetric product spaces that can be interpreted as the intersection of the charge orbits of the various branes entering in the solution. In addition one finds extra "geometric moduli" (radii and Wilson lines) that are not fixed by the attractors.
The paper is organized as follows. In Sect. 2 we derive a Bekenstein-Hawking like area law for central charges associated to extremal black p-branes. In Sect. 3 the "entropy function" formalism is adapted to account for solutions charged under forms of different rank. In Sect. 4 we anticipate and summarize in a very universal form the results for the set of theories considered in detail in the rest of the paper, namely the two nonchiral (1, 1) and (2, 2) supergravities in D = 6 (Sects. 5 and 6, respectively), and the maximal D = 7, 8 supergravities (Sects. 7 and 8, respectively). In Sect. 9 the uplift of the previously discussed near-horizon geometries to D = 11 M-theory is briefly discussed. The concluding Sect. 10 contains some final remarks and comments.
Area Law for Central Charges
Before specifying to a particular supergravity theory, here we derive a universal BekensteinHawking like formula underlying any gravity flow (supersymmetric or not) ending on an AdS point. Let AdS d × Σ m , with Σ m a product of Einstein spaces, be the near-horizon geometry of an extremal black (d − 2)-brane solution in D = d + m dimensions. After reduction along Σ m this solution can be thought as the vacuum of a gauged gravity theory in d dimensions. To keep the discussion, as general as possible, we analyze the solution from its d-dimensional perspective. The only fields that can be turned on consistently with the AdS d symmetries are constant scalar fields. Therefore we can describe the nearhorizon dynamics in terms of a gravity theory coupled to scalars ϕ i with a potential V d . The potential V d depends on the details of the higher-dimensional theory. The "entropy function" is given by evaluating this action at the AdS d near horizon geometry (with constant scalars ϕ i ≈ u i )
with r AdS the AdS radius and Ω AdS d the regularized volume of an AdS slice of radius one. Following [16] we take for Ω AdS d the finite part of the AdS volume integral when the cut off is sent to infinity. More precisely we write the AdS metric A different prescription for the volume regularization leads to a redefinition of the entropy function by a charge independent irrelevant constant. The "entropy" and near-horizon geometry follow from the extremization of the entropy function F with respect to the fixed scalars u i and the radius r AdS
The first equation determines the values of the scalars at the horizon. The second equation determines the radius of AdS in terms of the value of the potential at the minimum. Notice that solutions exist only if the potential V d is negative. Indeed, as we will see in the next section, V d is always composed from a part proportional to a positive definite effective potential V eff generated by the higher dimensional brane charges and a negative contribution −R Σ related to the constant curvature of the internal space Σ (see eq.(3.25) below) . The "entropy" is given by evaluating F at the extremum and can be written in the suggestive form and it shows that F can be identified with the black hole entropy. For black strings (d = 3),
reproduces the central charge c of the two-dimensional CFT living on the AdS 3 boundary [17] . In general, the scaling of (2.5) with the AdS radius matches that of the supergravity c-function introduced in [14] and it suggests that F can be interpreted as the critical value of the central charge c reached at the end of the attractor flow.
In the remainder of this paper we will study the flows from the D-dimensional perspective where the black p-branes carry in general charges under forms of various rank.
The Entropy Function
The bosonic action of supergravity in D-dimensions can be written as
with F Λn n , denoting a set of n-form field strengths, φ i the scalar fields living on a manifold with metric g ij (φ) and L WZ some Wess-Zumino type couplings. The scalar-dependent positive definite matrix N ΛnΣn (φ i ) provides the metric for the kinetic term of the n-forms. The sum over n is understood. In the following we will omit the subscript n keeping in mind that both the rank of the forms and the range of the indices Λ depends on n. We will work in units where 16πG D = 1, and restore at the end the dependence on G D . For simplicity we will restrict ourselves here to solutions with trivial Wess-Zumino contributions and this term will be discarded in the following.
We look for extremal black p-brane intersections with near-horizon geometry of topology M D = AdS p+2 ×S m ×T q . Explicitly we look for solutions with near-horizon geometry
with r = (r AdS , r S , r k ), describing the AdS and sphere radii, and u i denoting the fixed values of the scalar fields at the horizon. α a and β r denote the volume forms of the compact {Σ a } and non-compact {Σ r } cycles, respectively, in M D . The forms are normalized such as
They define the volume dependent functions 4) describing the cycle intersections. In particular, for the factorized products of AdS space and spheres we consider here, these functions are diagonal matrices with entries
with v D the volume of M D . Integrals over AdS spaces are cut off to a finite volume, according to the discussion around (2.3).
The solutions will be labeled by their electric q Ir and magnetic charges p I a defined as
where we denote by * Σ r the complementary cycle to Σ r in M D .
Let us now consider the "entropy function" associated to a black p-brane solution with near-horizon geometry (3.2). The entropy function F is defined as the Legendre transform in the electric charges q Λr of S SUGRA evaluated at the near-horizon geometry
N ΛΣ e Λr e Σs C rs ,
The fixed values of r, u i , e Ir at the horizon can be found via extremization of F with respect to r, u i , and e Ir :
From the last equation one finds that 9) in agreement with the definition of electric charges (3.6) . Solving this set of equations for e Λr in favor of q Λr one finds 11) and N ΛΣ , C rs denoting the inverse of N ΛΣ and C rs respectively.
It is convenient to introduce the scalar and form intersection "vielbeine" V Λ M , J ab , J ′ rs according to
From (3.5) one finds for the factorized products of AdS space and spheres
The electric and magnetic central charges can be written in terms of these quantities as
Combining (3.12) and (3.14) one can rewrite the scalar dependent part of the entropy function as the effective potential
For the n = D/2-forms in even dimensions the argument is similar, except for the possibility of an additional topological term 
with
For R = 0 we are back to the diagonal matrix (3.11) . In general, thus we obtain for the D/2-forms an effective potential
with 20) where
Summarizing, in the case of a general supergravity with bosonic action (3.1) the entropy function is given by
with the intersecting-branes effective potential 22) where the first contribution in the second line comes from the n = D/2 forms. Notice that there are two types of interference between the potentials coming from forms of different rank: First, they in general depend on a common set of scalar fields and second, they carry a non-trivial dependence on the AdS and the sphere radii. Besides this important difference the critical points of the effective potential can be studied with the standard attractor techniques for vector like charged black holes.
The near-horizon geometry follows from the extremization equations
We conclude this section by noticing that after reduction to AdS d , the D-dimensional effective potential V eff combines with the contribution coming from the scalar curvature R Σ of the internal manifold into the d-dimensional scalar potential
appearing in (2.1). Notice that the resulting potential is not positive defined and therefore an AdS vacuum is supported.
Summary of Results
Before entering into the detailed analysis of the entropy function and its minima, here we summarize our main results in a universal form independent of the particular dimension D considered. We consider extremal black p-brane solutions with p = 0, 1 in d = 6, 7, 8 maximal supergravities and N = (1, 1) supergravity in six dimensions . The attractor mechanism for black strings in N = (1, 0) six-dimensional supergravity was studied in [18] .
There are three classes of extremal black p-brane intersections. The corresponding near-horizon geometries, effective potentials V eff , and entropy functions in each case are given as follows:
• AdS 2 × S 3 × T n :
where
are the volumes of the near-horizon AdS/spheres and I 2,3 are the relevant quadratic and cubic U-duality invariants built out of the black p-brane charges. We stress that these invariants involve, in general, charges under forms of various ranks. This is also the case for the effective potential V eff resulting from the interfering superpositions of the various form contributions.
We also note that in all cases the radii of the circles of the torus T n are not fixed by the extremization equations but remain as free parameters.
The results (4.1)-(4.3) shows that the entropy function F can be related to the black hole entropy and black string central charges
In the following we will derive these results from the corresponding supergravities in various space-time dimensions.
The half-maximal (1, 1), D = 6 Poincaré supersymmetry algebra has Weyl pseudoMajorana supercharges and R-symmetry SO (4) ∼ SU (2) L × SU (2) R . Its central extension reads as follows (see e.g. [19, 20, 21] ) of SO (1, 1)× SO (4, n V ).
In our analysis, the corresponding central charges are denoted respectively by Z + and Z − for dyonic strings, and by Z el,AȦ and Z mag,AȦ for black holes and their magnetic duals.
N = (1, 1), D = 6 Supergravity
The bosonic field content of half-maximal N = (1, 1) supergravity in D = 6 dimensions coupled to n V matter (vector ) multiplets consists of a graviton, (n V + 4) vector fields with field strengths F M 2 , M = 1, . . . , (n V + 4), a three form field strength H 3 , and 4n V + 1 scalar fields parametrizing the scalar manifold
with the dilaton φ spanning SO (1, 1), and the 4n V real scalars z i (i = 1, . . . , 4n V ) parametrising the quaternionic manifold
. The U-duality group is SO (1, 1) × SO (4, n V ) and the field strengths transform under this group in the representations
, and satisfies the defining relations
with the SO(4, n V ) metric η ΛΣ . It is related to the vielbein V Λ M from (3.12) by
and its inverse is defined by
The Maurer-Cartan equations take the form
where P M N is a symmetric off-diagonal block matrix with non-vanishing entries only in the (4 × n V )-blocks. Here and below we use δ M N to raise and lower the indices M, N.
The solutions will be specified by the electric and magnetic three-form charges q, p, and the two-form charges p Λ , q Σ . The quadratic and cubic U-duality invariants that can be built from these charges are
The central charges (3.14), (3.20) are given by
Using (5.6), the U-duality invariants (5.9) can be rewritten in terms of the central charges as
The effective potential V eff (3.22) for this theory is given by
From the Maurer-Cartan equations (5.8) one derives
with P φ = dφ. The attractor equations (3.23) thus translate into
Splitting the index M into (AȦ) = 1, . . . , 4, (A,Ȧ = 1, 2) (central charges sector ) and I = 5, . . . , (n V + 4) (matter charges sector ), and using the fact that only the components P I,AȦ = P AȦ,I are non-vanishing, the attractor equations can be written as
Indices A,Ȧ are raised and lowered by ǫ AB , ǫȦḂ. We will study the solutions of these equations, their supersymmetry-preserving features, and the corresponding moduli spaces. BPS solutions correspond to the solutions of (5.15) satisfying Let us finally consider the moduli space of the attractor solutions, i.e. the scalar degrees of freedom which are not stabilized by the attractor mechanism at the classical level. For homogeneous scalar manifolds this space is spanned by the vanishing eigenvalues of the Hessian matrix ∇∇V eff at the critical point. Using the Maurer-Cartan equations (5.13) one can write ∇∇V eff at the critical point as 17) which defines the Hessian symmetric matrix H with components H IAȦ,JBḂ , H IAȦ,φ , H φ,φ . By explicit evaluation of the Hessian matrix for both BPS and non-BPS solutions we will show that eigenvalues are always zero or positive implying the stability (at the classical level) of the solutions under consideration here. We will now specify to the different nearhorizon geometries and study the BPS and non-BPS solutions of the attractor equations.
AdS
Let us start with an AdS 3 × S 3 near-horizon geometry, in which only the three-form charges (magnetic p and electric q) are switched on (dyonic black string). There are no closed two-forms supported by this geometry and therefore two-form charges are not allowed. The near-horizon geometry ansatz can then be written as
The attractor equations (5.15) are solved by
Solution (5.19) has I 2 > 0, whereas solution (5.20) has I 2 < 0; they are both 1 4 -BPS, and they are equivalent, because the considered theory is non-chiral.
Plugging the solutions (5.19) or (5.20) into (5.12) one can write the effective potential at the horizon in the scalar independent form 
Therefore, the Hessian matrix H for the AdS 3 ×S 3 solution has 4n V vanishing eigenvalues and one strictly positive eigenvalue, corresponding to the dilaton direction. Consequently, the moduli space of non-degenerate attractors with near-horizon geometry AdS 3 × S 3 is the quaternionic symmetric manifold
This result is also evident from the explicit form of the attractor solution Z − = 0: only the dilaton is stabilized, while all other scalars are not fixed since the remaining equations Z el,M = Z mag,M = 0 are automatically satisfied for p Λ = q Λ = 0 .
For solutions with near-horizon geometry AdS 3 × S 2 × S 1 , there is no support for electric two-form charges and therefore e Λ = 0. We set also the electric three-form charge e to zero otherwise no solutions are found. The near-horizon ansatz becomes
The attractor equations (5.15) admit two types of solutions with non trivial central charges BPS :
non-BPS :
Plugging the solution into (5.11) one finds the relation
that allows us to write the effective potential (5.12) at the horizon in the scalar independent form 29) in agreement with our proposed formula (4.2) upon taking I 3 = I 3 . The black string central charge and the near-horizon radii follow from r-extremization of the entropy function F and are given by (4.2) . Note that the radius r 1 of the extra S 1 is not fixed by the extremization equations. Besides this geometric modulus the solutions can be also deformed by turning on Wilson lines for the vector field potentials A
Λ . This is in contrast with the more familiar case of black holes in D = 4, 5 where the near-horizon geometry is completely fixed at the end of the attractor flow. As we shall see in the following, this will be always the case for extremal black p-branes with T n factors where the "geometric moduli" describing the shapes ad volumes of the tori and constant values of field potentials along T n remain unfixed at the horizon. Now, let us consider the moduli spaces of the two solutions. The BPS solution (5.25) has remaining symmetry SO (3) × SO(n V ), because by using an SO (4) transformation this solution can be recast in the form
Notice that both choices of sign satisfy the Killing spinor relations (5.16) and therefore correspond to supersymmetric solutions. Plugging (5.30) into the Hessian matrix (5.17) one finds
This matrix has 3n V vanishing eigenvalues and n V + 1 strictly positive eigenvalues, corresponding to the dilaton direction plus the n V directions P I,11 . Consequently, the moduli space of the BPS attractor solution (5.25) with near-horizon geometry
More precisely, the scalars along P I,AȦ in the (4, n V ) of the group H decompose with respect to the symmetry group SO(3) × SO(n V ) as: 33) and only the (1, n V ) representation is massive, together with the dilaton. The (3, n V ) representation remains massless, and it contains all the massless Hessian modes of the attractor solutions.
The analysis of the moduli space for the non-BPS solution follows closely that for the BPS one. Now the symmetry is SO(4)×SO(n V −1) and using an SO(n V ) transformation such a solution can be recast as follows:
Plugging (5.34) into the Hessian matrix (5.17), now one finds
This Hessian matrix has 4(n V −1) vanishing eigenvalues and 4+1 strictly positive eigenvalues, corresponding to the dilaton direction plus the 4 P 1,AȦ directions. Consequently, the moduli space of the non-BPS attractor solution with near-horizon geometry AdS 3 ×S 2 ×S 1 is the symmetric manifold
More precisely, the scalars along P I,AȦ in the (4, n V ) of the group H decompose with respect to the symmetry group SO(4) × SO(n V − 1) as: 37) and only the (4, 1) representation is massive, together with the dilaton. The (4, n V − 1) representation remains massless, and it contains all the massless Hessian modes of the attractor solution.
The BPS solution can be regarded as the intersection of one -BPS black 2-brane (with p Λ p Σ η ΛΣ > 0). The latter is described by the charge orbit [23] . The moduli space of the latter coincides with the moduli space of the whole considered intersection, and it is given by Eq. (5.32).
On the other hand, the non-BPS solution can be regarded as the intersection of one 1 2 -BPS black string (with pq = 0) with one non-BPS black 2-brane (with p Λ p Σ η ΛΣ < 0). The latter is described by the charge orbit SO(4,n V ) SO(4,n V −1) [23] . The moduli space of the latter coincides with the moduli space of the whole considered intersection, and it is given by the quaternionic manifold of Eq. (5.36).
A similar reasoning will be performed for the moduli spaces of the attractor solutions of the maximal non-chiral D = 6 supergravity in Sect. 6.
For solutions with AdS 2 ×S 3 ×S 1 near-horizon geometry, there is no support for magnetic two-form charges and therefore Z mag,M = 0. The near-horizon ansatz becomes
The fixed-scalar equations (5.14) admit two type of solutions BPS :
Now one finds
and the effective potential (5.12) at the horizon can be written in the scalar independent form In our analysis, the corresponding central charges are denoted respectively by Z a and Zȧ (a,ȧ = 1, . . . , 5) for dyonic strings, and by Z el,AȦ and Z mag,AȦ for black holes and their magnetic duals.
N = (2, 2), D = 6 Supergravity
The maximal N = (2, 2) supergravity in D = 6 dimensions [26] has bosonic field content given by the graviton, 25 scalar fields, 16 vectors and 5 two-form fields. Under the global symmetry group SO(5, 5) these fields organize as
In particular, the scalar coset space is parametrized by the vielbein V I M evaluated in the vector representation 10 of SO(5, 5), satisfying the defining relations 
with the SO(5) × SO(5) Gamma matrices γ Electric and magnetic three-form charges combine into an SO(5, 5) vector Q I = (p m , q m ). The quadratic and cubic U-duality invariants of charges are given by
with the SO(5, 5) Gamma matrices (
The central charges (3.14), (3.20) are defined as
In terms of these central charges one can rewrite the U-duality invariants (6.7) as 2 J
The intersecting-branes effective potential V eff for the considered theory is defined as
The Maurer-Cartan equations (6.5) imply
Thus the extremization equations take the form
The Hessian matrix at the horizon can written as
The analysis of D = 6 maximal supersymmetric supergravity solutions follows the same steps as in the half-maximal case with minor modifications. We start from the ansatz
for the AdS 3 × S 3 near-horizon geometry. The fixed scalar equation (6.12) admits the two solutions 15) which are both supersymmetric. Combining this with (6.9) one can write the effective potential at the horizon in the scalar independent form
Again the effective potential is given by the general formula (4.1) but now I 2 = I 2 is given by the quadratic invariant (6.7) of SO(5, 5). Similarly, r-extremization of the entropy function shows that the sphere and AdS radii and the black string central charges are given by (4.1) in terms of the SO(5, 5) invariant I 2 .
Let us consider the moduli space of these solutions. The two solutions are equivalent and we can focus on the Z a = 0 case. Using an SO(5) rotation this solution can be recast in the form Zȧ = zδȧ ,1 . The symmetry group leaving this solution invariant is SO (5, 4) . The moduli space is hence given by the quotient of this group by its maximal compact subgroup SO(5) × SO(4), i.e. ( [27, 28, 29] )
Alternatively, the same conclusion can be reached by evaluating the Hessian (6.13) at the solution ⊕ (5, 1) 19) with the (5, 4) components along P a,ḃ>1 spanning the moduli space of the solution.
The story goes the same way for the solution with Zȧ = 0 which has moduli space M BPS = SO(4,5) SO(4)×SO (5) . The two solutions are equivalent and they both preserve the same amount of supersymmetry (namely the minimal one: 1 8 -BPS). Actually, they can be interpreted as the supersymmetry uplift of the two distinct 
AdS
The ansatz for this near-horizon geometry is
Notice that a magnetic string corresponds to the SO (5, 5) invariant constructed with the 10-dimensional vector (p m , 0) having vanishing norm. This is the -BPS constraint for a D = 6 string configuration, derived in [27] .
The solutions of the fixed-scalar equations (6.12) on this background can be written up to an SO(5) × SO(5) rotation as
Using (6.9) one can express z in terms of the cubic U-invariant (6.7)
Combining (6.10), (6.21), (6.22) , one finally writes the effective potential in the scalar independent form
Like in the half-maximal case, the effective potential, the black string central charge and the near-horizon geometry are given by the general formulas (4.2) but now in terms of the SO(5, 5) cubic invariant I 3 = I 3 . Again, the radius r 1 of the extra S 1 is not fixed by the extremization equations.
Let us consider the moduli space of this attractor. The symmetry of the solution is SO (4, 3) , which is the subgroup of SO(5, 5) leaving invariant (6.21). To see this we notice that SO(4, 3) is the maximal subgroup of SO(5, 5) under which the decompositions of both the vector and the spinor representations of SO(5, 5) contain a singlet 10 = 7 ⊕ 3 · 1 , The moduli space is then given by the quotient of the symmetry group by its maximal compact subgroup
More precisely, decomposing the scalar components P aȧ under SO(4) × SO(3) one finds
This can be confirmed by explicitly evaluating the Hessian (6.13) at this extremum. As a result one finds 12 vanishing and 13 strictly positive eigenvalues.
The moduli space in (6.25) can be understood in terms of orbits of -BPS black holes [27, 28, 29] . Indeed, the U-invariant I 3 can be considered as an intersection of a is SO (4, 3) . Indeed, we find that the resulting moduli space of the considered intersecting configuration is given by Eq. (6.25) . This is also what expected by the supersymmetry uplift of the BPS moduli space of the half-maximal (1, 1) theory to maximal (2, 2) supergravity.
The near-horizon geometry ansatz is
The computation of the effective potential proceeds as for the AdS 3 ×S 2 ×S 1 case replacing magnetic by electric charges. The final result read
Extremizing the entropy function F in the radii r one confirms that the AdS, sphere radii and the black hole entropy are given again by the general formulae (4.3) with I 3 = I ′ 3 the magnetic SO(5, 5) cubic invariant. The analysis of the moduli space is identical to that of AdS 3 × S 2 × S 1 case and the result is again given by (6.25).
7 Maximal D = 7
The maximal N = 2, D = 7 Poincaré supersymmetry algebra has pseudo-Majorana supercharges and R-symmetry USp (4). Its central extension reads as follows (see e.g. [19, 20, 21] )
where A = 1, . . . , 4, so that the supercharges are SO (5)-spinors. The "trace" part of Z
[AB] µ is the momentum P µ Ω AB , where Ω AB is the 4 × 4 symplectic metric.
Black holes and their magnetic dual (black 3-brane) central extensions
sit in the 10 of the R-symmetry group, and they are embedded in the 10 (and 10 ′ ) of the U-duality group SL (5, R). Thus, they correspond to the decomposition 10
On the other hand, black strings and their magnetic dual (black 2-brane) central extensions Z 
N = 2, D = 7 Supergravity
The global symmetry group of maximally supersymmetric D = 7 supergravity [30] is SL(5, R). The bosonic field content comprises the graviton, 14 scalars, 10 vectors and 5 two-form fields. Under the U-duality group SL(5, R) these organize as
The corresponding charges will be denoted by p ij , q ij , p i , q i . For near-horizon geometries AdS 2 × S 3 × T 2 and AdS 3 × S 2 × T 2 , there are two independent electric and magnetic three-cycles, respectively, depending on which of the two circles of
is part of the cycle. The corresponding three-charges will be denoted by p ia , q i r with a, r = 1, 2.
AdS
We start from the ansatz
3)
for the near-horizon geometry. The central charges and the relevant quadratic U-duality invariant are given by
The effective potential can be written as
Using the Maurer-Cartan equations, we obtain
with P mn a symmetric and traceless matrix (P mm = 0). Here, indices m, n are raised and lowered with δ mn . For the variation of the effective potential we thus obtain
Equation (7.7) is solved by
In this case we find
in agreement with (4.1). Extremization of F w.r.t. the radii yields the black string central charge and near-horizon geometry (4.1 ) with I 2 = I 2 the SL(5, R) quadratic invariant. Notice that this solution can be thought of as the D = 7 lift of the AdS 3 × S 3 solution studied in the last section. The radius r 1 of the additional S 1 is not fixed by the attractor equations.
Finally let us consider the moduli space of this black string solution. For this purpose we notice that upon SO(5) rotation the solution can written in the form
This form is clearly invariant under SL(4, R) rotations. The moduli space can then be written as
Alternatively, evaluating the Hessian at the solution one finds
a matrix with 5 strictly positive eigenvalues and 9 zeros. More precisely the 14 scalars in the symmetric traceless 14 of SL (5, R) decompose under SO(4) ∼ SU(2) × SU(2) into the following representations
Notice that these 9 moduli, together with the free radius r 1 and the 10 degrees of freedom associated to Wilson lines of the 10 vector fields along S 1 sum up to 20 free parameters characterizing the solution. This precisely matches the dimension of the moduli space of the six-dimensional solution of which the present solution is a lift. In other words, in going from six to seven dimensions, an 11-dimensional part of the moduli space translates into "geometrical moduli" describing the circle radius and Wilson lines. This will be always the case for all D > 6 solutions under consideration here.
It is worth noticing that the solution with I 2 = 0 can be considered as an intersection of one 1 2 -BPS electric string and one 1 2 -BPS magnetic black-3-brane, respectively in the 5 ′ and 5 of the D = 7 U-duality group SL (5, R) [27] . The corresponding supporting charge orbit is SL(5,R) SL(4,R)×sR 4 [28] , but the common stabilizer of the two charge vectors is SL (4, R) only, with resulting moduli space of the considered intersecting configuration given by Eq. (7.11).
We start from the near-horizon ansatz:
In particular, in this case there are two magnetic three cycles S 2 ×S 1 a which we label by a = 1, 2. The corresponding central charges are given by
In terms of these charges one can built two U-duality invariants
Note that the existence ofĨ 3 hinges on the fact that there are two inequivalent magnetic three-cycles. In terms of the central charges (7.15) the invariants can be written as
The effective potential is now given by
The Maurer-Cartan equations give ∇V i m = V i n P mn with P mn symmetric and traceless. The variation of the central charges is thus given by
Hence, we obtain
By SO(5) rotation, the antisymmetric matrix Z mag, mn can be brought into skew-diagonal form
Plugging this into the attractor equation (7.19) one finds the following solutions
The corresponding effective potentials are given by 23) in agreement with (4.2) with I 3 = I 3 and I 3 =Ĩ 3 for the solutions A and B, respectively. After the r-extremization one finds again that the AdS and sphere radii and the entropy function are given by the general formula (4.2). Again, the radii r a of the two circles S 1 a
are not fixed by the extremization equations.
Let us finally consider the associated moduli spaces. We start with solution A. The symmetry of (7.21) is Sp(4, R) ∼ SO(3, 2). The moduli space is the quotient of this group by its maximal compact subgroup
More precisely, in terms of SO(3) × SO(2) representations one finds that the 14 scalar components decompose according to 25) subscripts referring to SO(2) charges. Indeed, evaluating the Hessian
at the solution (7.21) one finds a matrix with 6 vanishing and 8 strictly positive eigenvalues.
For solution B one finds as a symmetry SL(3, R) and thus the moduli space
The scalars decompose into SO(3) representations according to
Indeed from the Hessian
one finds a matrix with 9 strictly positive and 5 vanishing eigenvalues.
As mentioned above, at D = 7 the charge orbit supporting one -BPS cases, respectively [28] .
Solution A corresponds to an intersection of one 1 4 -BPS black-3-brane (with charges in the 10 ′ of SL(5, R)) with one
-BPS black string (with charges on the 5 ′ of SL(5, R)). The stabilizer of both charge vectors is SO (3, 2) only, and thus the resulting moduli space of the considered intersecting configuration is given by Eq. (7.24).
Solution B corresponds to an intersection of one -BPS black 2-branes (with charges on two different 5s of SL(5, R)). Accordingly, the stabilizer of the three charge vectors is SL (3, R) only, and thus the resulting moduli space of the considered intersecting configuration is given by Eq. (7.26).
The analysis of the black hole solutions is very similar to the previous one of the black strings replacing electric with magnetic charges and vice versa. Now we start from the near-horizon ansatz:
where r = 1, 2 labels the two inequivalent electric three-cycles and
The central charges and U-duality invariants are given by
The two solutions of the associated attractor equations are given by
The effective potentials, entropy function and near-horizon geometry are given by the general formula (4.3) with I 3 given by I [19, 20, 21] )
µνρλ (and h.c.) (8.1) sit in the (3, 2) (and (3 ′ , 2)) of SU (2) × U (1), and they are embedded in the (3, 2) of the U-duality group SL (3, R) × SL (2, R).
On the other hand, dyonic black membrane central extensions Z (2), and they do not carry U(1) charge, because they are real), and they are embedded in the (3, 1) of the U-duality group SL (3, R) × SL (2, R).
In our analysis, the corresponding central charges are denoted by Z el,iA and Z mag,iA (i = 1, 2, 3 and A = 1, 2) for black holes and their magnetic duals, by Z el,i and Z mag,i for black strings and their magnetic duals, and by Z A for dyonic black 2-branes.
N = 2, D = 8 Supergravity
The bosonic field content of D = 8 supergravity [31] with maximal supersymmetry includes beside the graviton, scalars in the symmetric manifold
with i, m = 1, . . . , 3, A = 1, 2, and forms in the following representations of the SL(3, R)× SL(2, R) U-duality group:
The Lagrangian carries only one three-form potential C, whose field strength F 4 together with its magnetic dual spans the SL(2, R) doublet F 5) with P mn and P AB , symmetric and traceless. Here we raise and lower indices m and A with δ mn and δ BA , respectively.
AdS
We start with the AdS 3 × S 3 × T 2 near-horizon ansatz:
, there are two inequivalent electric and magnetic four-cycles. The four-form charges combine into the SL(2, R) doublet Q A r = (q r , p r ).
The central charges are given by
The U-duality invariants that can be built with these set of charges are
Note that the existence of two inequivalent electric four-cycles is crucial for the existence ofĨ 2 . The effective potential can be written as 9) and the attractor equations take the form
We will consider the following two solutions to these equations
The effective potentials at the horizon become
respectively. Plugging this into the entropy function and extremizing with respect to the radii one recovers the near-horizon geometry central charge (4.1) with I 2 taken as I 2 or I 2 for the solution A and B, respectively.
Let us consider the associated moduli spaces. The symmetry groups leaving (8.11) and (8.12) invariant are SL(2, R) 2 and SL(3, R), respectively. The moduli spaces are thus
14)
The same results follow from evaluating the Hessians at the solutions -BPS cases, respectively [28] .
In the considered AdS 3 × S 3 × T 2 near-horizon geometry, solution A corresponds to the intersection of one On the other hand, solution B corresponds to the instersection of two dyonic 1 2 -BPS black 2-branes. Thus the stabilizer of both charge vectors is SL (3, R) only, and the resulting moduli space of the considered interesecting configuration is SL(3,R) SO (3) , given in the right-hand side of Eq. (8.14).
The near-horizon ansatz is given by
. In this near-horizon geometry there are thus three inequivalent electric and magnetic four-cycles and three magnetic three-cycles. The four-form charges again combine into the SL(2, R) doublet Q A a = (q a , p a ).
The central charges take the form
The U-duality invariants are given by
From variation of the effective potential 19) we thus obtain the attractor equations 20) with P mn and P AB symmetric and traceless.
We will consider the solutions
The effective potentials become
respectively, and r-extremization leads to the near-horizon geometry and central charge (4.2) with I 3 =Ĩ 3 and I 3 = I 3 for the cases A and B, respectively.
The symmetry group leaving (8.21) and (8.22) invariant, is SL(2, R) and the moduli space thus given by
Alternatively the moduli space can be determined from the vanishing eigenvalues of the Hessians 25) respectively, showing 5 strictly positive and 2 vanishing eigenvalues in each case.
We now derive the nature of the moduli spaces of solutions A and B from the charge orbits discussed in [28] . -BPS black 4-branes, respectively characterized by the constraints (GL(3,R)×sR 2 )×R 1 [28] . Since the coset is factorized, the common stabilizer of the three parallel 3-branes and of 
This case is very similar to the previous discussion. We start with the near-horizon ansatz 27) with
. Again, there are thus three inequivalent electric and magnetic four-cycles. In addition, there are three inequivalent electric three-cycles.
The associated central charges and U-duality invariants are given by The effective potentials, entropy function and near-horizon geometry are given by the general formula (4.3) with I 3 = I 3 and I 3 =Ĩ 3 for the cases A and B respectively. The analysis of the moduli spaces is identical to that on AdS 3 × S 2 case and the results are given again by (8.24).
The Lift to Eleven Dimensions
The attractor solutions we have discussed throughout this paper have a simple lift to eleven-dimensional supergravity. The black string solutions with AdS 3 × S 3 × T D−6 nearhorizon geometry follow from dimensional reduction of M2M5 branes intersecting on a After dimensonal reductions down to D = 6, 7, 8-dimensions the solutions expose a variety of charges with respect to forms of various rank. Indeed, a single brane intersection in D = 11 leads to different solutions after reduction to D-dimensions depending on the orientation of the M-branes along the internal space. Different solutions carry charges with respect to a different set of forms in the D-dimensional supergravity. They can be fully characterized by U-duality invariants built out of the brane charges. The list of U-duality invariants leading to extremal black p-brane solutions in D = 6, 7, 8 dimensions are listed in table II. The reader can easily check that there is a one-to-one correspondence between the entries in this Table II : Electric and magnetic charges for M-brane intersections. p = 0, 1 corresponds to intersections on a black hole and a black string respectively. q n (p n ) denotes the electric(magnetic) charge of the brane solution and n specifies the rank of the form.
Final Remarks
In the present paper we analyzed the attractor nature of solutions of some supergravity theories in D = 6, 7, 8, with static, asymptotically flat, spherically symmetric extremal black-p brane backgrounds and scalar fields turned on.
We have found that for such theories, with the near-horizon geometry containing a factor AdS p+2 (p = 0, 1), a generalization of the "entropy function" [10] and "effective potential" [4, 5, 6, 7, 8] formalisms occurs, which allows one to determine the scalar flow and the related moduli space near the horizon. The value of the entropy function at its minimum is given in terms of U-duality invariants built out of the brane charges and it measures the central charges of the dual CFT living on the AdS boundary. The resulting central charges were shown to satisfy a Bekenstein-Hawking like area law generalizing the familiar results of black hole physics.
In order to make further contact with previous work on p-brane intersections and their supersymmetry-preserving features [3] , we have found that for maximal supergravities in D space-time dimensions, the moduli spaces of attractors with AdS 3 × S 3 × T D−6 nearhorizon geometries have rank 10 − D. Actually, this holds also for the D = 4 case (with near-horizon geometry AdS 2 × S 2 ) in the non-BPS configuration, with the related moduli space given by the rank-6 symmetric space E 6(6) U Sp(8) [22] . -BPS configuration, with the related moduli space given by the rank-4 symmetric space F 4(4) U Sp(2)×U Sp(6) [32, 22] .
These results imply that the dilatons of the p-brane intersections in D = 11 described in [3] are not all on equal footing, because only one or two (combinations) of them get(s) fixed at the horizon, while the other ones have asymptotical values which enter the flow, although the function F does not depend on such values.
Finally, we would like to comment on the fact that the half-maximal non-chiral (1, 1), D = 6 theory analyzed in Sect. 5 may be considered as Type IIA compactified on K3 [33] . The result obtained in the present paper for the AdS 3 × S 3 near-horizon geometry supports the conjecture of [34] . On the other hand, we do not find an agreement with the other Ansätze for the near-horizon geometry, because we only find solutions where the charges of strings (or that of their magnetic duals) are turned on.
We note that the techniques we have developed here apply to any supergravity flow ending on an AdS horizon even in presence of higher derivative terms and gaugings. It would be interesting to apply this formalism to the study of higher derivative corrections to central charges in ungauged and gauged supergravities extending the black holes results found in [35] and [36] . The study of non-BPS black p-brane flows along the lines of [37] deserves also further investigations.
